A paired-dominating set of a graph G = (V, E) with no isolated vertex is a dominating set of vertices inducing a graph with a perfect matching. The paired-domination number of G, denoted by γ pr (G), is the minimum cardinality of a paired-dominating set of G. We consider graphs of order n ≥ 6, minimum degree δ such that G and G do not have an isolated vertex and we prove that -if γ pr (G) > 4 and γ pr (G) > 4, then
Introduction
We use [2, 9] for the terminology and notation which are not defined here. Let G = (V (G), E(G)) be a graph of order n with no isolated vertex. The (closed) neighborhood of a vertex u is denoted by N G (u) (N G [u] ) and its degree |N G (u)| by d G (u) (briefly N (u) (N [u] ) and d(u) when no ambiguity on the graph is possible). A dominating set of a graph G is a set S of vertices such that every vertex of V \ S is adjacent to some vertex in S. The domination number of G, denoted by γ (G), is the minimum cardinality of a dominating set. A paired-dominating set (PDS) of G is a dominating set S such that the subgraph G[S] induced by S contains a perfect matching (not necessarily induced). Every graph without isolated vertices has a paired-dominating set since the end-vertices of any maximal matching form such a set. The paired-domination number of G, denoted by γ pr (G), is the minimum cardinality of a PDS. When G is not connected, let G 1 , . . . , G k be its components. Then γ pr (G) exists if each G i has order at least 2, and
A paired-dominating set of cardinality γ pr (G) is called a γ pr (G)-set. Paired-domination number was introduced by Haynes and Slater [4, 3] as a model for assigning backups to guards for security purposes. They observed in [3] that γ pr (G) is even and γ pr (G) ≤ 2γ (G) for every graph with δ(G) ≥ 1. The complement G of a graph G has vertex set V (G) and x y ∈ E(G) if and only if x y ∈ E(G). For any graph parameter µ, bounds on µ(G) + µ(G) and on µ(G)µ(G) are called Nordhaus-Gaddum inequalities. Many Nordhaus-Gaddum bounds have been obtained on various domination parameters. Some of them can be improved when additional constraints on G and G are added. For instance it has been proved
with some small exceptions [1] . In what concerns paired-domination, we must suppose δ(G), δ(G) ≥ 1. From Theorem A(2) and the fact that γ pr (G) ≤ 2γ (G), Haynes and Slater immediately obtained the bound γ pr (G) + γ pr (G) ≤ 2( n 2 + 2) for every graph G with δ(G), δ(G) ≥ 1 [3] . The same argument applied to Theorem A(3) shows that, except for some small graphs,
Our purpose in this paper is to improve this bound. We will use the following known results on γ (G) and γ pr (G).
Theorem B (Hellwig and Volkmann [6] ). Let G be graph of order n and diameter 2. Then γ (G) ≤ Theorem D (Haynes and Slater [3] ). If G is a connected graph of order n ≥ 6 with δ(G) ≥ 2, then γ pr (G) ≤ Theorem E (Henning [5] ). Let G be a connected graph of order n ≥ 6 with δ(G) ≥ 2. We note that F 1 = B 1 and γ pr (B 1 ) = γ pr (F 1 ) = 4, and that if G ∈ {C 6 , C 9 ,
An immediate consequence follows from Theorem E(1) and Theorem C.
A bound on the sum γ pr (G) + γ pr (G)
In this section we prove that if G is a simple graph of order n ≥ 6 with
Lemma 2. For any graph G of order n ≥ 6 with γ pr (G), γ pr (G) > 4,
Proof. Since the paired-domination number is always even, γ pr (G), γ pr (G) ≥ 6. We consider a vertex x of degree δ in G and X = V \ N [x] . If N (x) ∩ N (y) = ∅ for some y ∈ X then in G, x dominates X , y dominates N (x), and {x, y} is a paired-dominating set of G, a contradiction. Therefore,
Hence, N (x) dominates X but no vertex of N (x) dominates X for otherwise γ pr (G) = 2. The first claim is an immediate consequence of γ pr (G) ≥ 6. Claim 1. Let A be a subset of N (x) dominating X and B a maximal subset of A not dominating X . Then |A| ≥ 3 and |B| ≥ 2.
Let S be a maximum subset of N (x) which does not dominate all vertices in X and T = N (x) \ S. By the maximality of S, every vertex t of T dominates X \ N (S) and by Claim 1, |S| ≥ 2.
Claim 2. T dominates X .
Proof of Claim 2. Let, to the contrary, y ∈ X be not dominated by T . By the definition of S, there exists a vertex z ∈ X not dominated by S. Since y ∈ N (S) and z ∈ X − N (S), y = z. Now {x, z, y, w} is a paired-dominating set of G for each w ∈ T , a contradiction.
Claim 3. T has no isolated vertex.
Proof of Claim 3. Let, to the contrary, y be an isolated vertex in T . By Claim 1, y does not dominate X . Let z ∈ X be not dominated by y and w ∈ X \ N (S). Obviously z ∈ N (S) and thus w = z. Now {x, w, y, z} is a paired-dominating set of G, a contradiction.
Let M = {x 1 y 1 , x 2 y 2 , . . . , x s y s } be a maximal matching of G[T ]. Then s ≥ 1 by Claim 3 and U = T \ V (M) is an independent set of G.
Proof of Claim 4. If V (M) does not dominate X , then U = T \ V (M) = ∅ by Claim 2. Suppose V (M) ∪ {y} does not dominate X for some y ∈ U and let w 1 ∈ X be not dominated by V (M) ∪ {y}. Let w 2 ∈ X \ N (S). In G, w 1 dominates V (M), y dominates U since U is independent in G, and {x, w 2 , y, w 1 } is a paired-dominating set of G, a contradiction. Let T 1 = T \ W . If T 1 dominates X , let S 1 be a maximal subset of T 1 not dominating X and T 2 = T 1 \ S 1 . If T 2 dominates X , let S 2 be a maximal subset of T 2 not dominating X and T 3 = T 2 \ S 2 . We continue the process until obtention of a subset T k of T not dominating X . Thus we construct a finite chain
Then S 0 = W and if k ≥ 2, |S i | ≥ 2 for 1 ≤ i ≤ k − 1 by Claim 1. For all i between 0 and k − 1, let x i be a vertex of X not dominated by S i and let y i ∈ S i . Let x k be a vertex of X not dominated by T k and y k ∈ T k . By (b) the vertex x i is adjacent to every vertex in T i+1 . Hence all the vertices x i are distinct. Similarly, all the vertices y i are distinct since S 0 , S 1 ,..., S k−1 , T k are disjoint. Finally let y ∈ X \ N (S). Then {x 0 , y 0 , x 1 , y 1 , . . . , x k , y k , x, y} is a paired-dominating set of G and thus
On the other hand, δ(G) = |S|+|W |+
and by Claim 6,
Therefore by ( * * ),
By the definition of M , V (M ) ∪ {w 1 , w 2 } dominates X and without loss of generality we may assume that
and, as before, we have γ pr (G) + γ pr (G) ≤ δ(G) + 3. Finally suppose there exists a vertex z in N (x) which is not dominated by
We consider the vertices y, x i , y i as defined above with the supplementary property that if z ∈ S i (respectively, z ∈ T k ) then y i = z (respectively, y k = z). If z ∈ S, then {x 1 , y 1 , . . . , x k , y k , x, y} is a paired-dominating set of G and if z ∈ S, then {x 2 , y 2 , . . . , x k , y k , y, z, x 1 , x} is a paired-dominating set of G. In any case the relations ( * ) and ( * * ) may be replaced by γ pr (G) ≤ 2k + 2 and
By symmetry between G and G, γ pr (G) + γ pr (G) ≤ min{δ(G), δ(G)} + 3 and the proof is complete.
Corollary 3. For any graph G of order n ≥ 6 with γ pr (G), γ pr (G) > 4,
by Lemma 2. Moreover 
